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ABSTRACT 
This paper analyzes polynomials orthogonal with respect to the Sobolev inner product 
@(Lg) = I f(x)g(x)e(x)dx+~-‘f”‘(c)g”‘(c) 
iF 
with I E IR+, c E [R, and p(x) is a weight function. 
We study this family of orthogonal polynomials, as linked to the polynomials orthogonal with 
respect to Q(X) and we find the recurrence relation verified by such a family. If the weight Q is semi- 
classical we obtain a second order differential equation for these polynomials. Finally, an illustra- 
tive example is shown. 
1. INTRODUCTION 
The study of some special type of smooth least squares problems starts 
in [8]. The author analyzes, for p + 1 monotonic non-decreasing functions 
c%(x) +.. clP(x) in [a, 61, and for a function f(x) of class Ccp) the best fitting of 
s = ; s” [j+‘(X) - q’Q(x)]2 dcQ(x) 
k=O u 
where q is a polynomial of degree less than or equal to n. In a natural way, 
appear polynomials appear orthogonal with respect to the inner product 
<A g> = ; r” f(%)g(%) do&). 
k= ~1 
In [l] and [lo], some properties for such types of polynomials are studied 
whenp=l, d~,(x)=dx, dcri(x)=Adx, a=-1, b=l. 
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In [2] an analogous approach is given if p = 1, da,,(x) = eex dx, dal(x) = 
AeeXdx, a=O, b=m. 
In [7] a modification of [2] is presented for any p E N: 
dao(x) = xa ePx dx, dak(x) = Mk 6(x - 0) (lsk5p). 
In this remarkable paper, the author deals with formal properties of such 
families of orthogonal polynomials in terms of Laguerre polynomials. The 
hypergeometrical character plays a very important role. 
More recently, in [5], [6] appears a global analysis of orthogonal polynomials 
for the case p= 1. The authors introduce the definition of coherent pairs 
{ao,al}, give some characterizations of this and present some examples. 
Finally, an evaluation of the Fourier expansion coefficients is given. 
In this paper we present an approach to the subject when al(x)= ... = 
aP_l(x) =0 and aP(x) is an atomic measure, more precisely a Dirac mass. 
In section 2 we study the representation of the orthogonal polynomials with 
respect to the inner product corresponding to the pair {a,,, aP} in terms of 
orthogonal polynomials with respect to ao. 
In section 3, the recurrence relation which satisfy such a family is given. The 
connection with the quasi-orthogonality concept is shown. 
In section 4, we consider a semiclassical weight function (see [4] and [9]) and 
we study differential properties for the polynomials. The interest of this section 
is to provide a family of orthogonal polynomials satisfying a second order dif- 
ferential equation but not belonging to a semiclassical case. 
In section 5, we consider the following situation: e(x) =emx2, a=-co , 
b=oO, p=l, c=O. 
2. ALGEBRAIC PROPERTIES 
Let us consider the following real inner product in .Y@’ (the linear space of real 
polynomials) 
i 
@(f,g) = df,g)+~-’ S 6(x-c)f(‘)(x)g(‘)(x)dx 
(2.1) 
R 
= f&J; g) + A-‘f”‘(C)gqc) AErR+, CErn 
where 
(2.2) 
i 
cp(_L g) = 5 f(x)s(x)e(x) dx 
e(x) L 0 is a weight function and f, g E 9. 
Let Pn(x) = P,, and Qn(x) = Q, the families of Manic Orthogonal Polynomials 
(MOP) with respect to the inner products v, and 4, respectively, and let us con- 
sider the representation of Q, in terms of Pk 
n-l 
(2.3) Qn(x) = P,(X) +jFo Pn,jPj(X). 
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From the orthogonality of the MOP family (Pj) 
(2.4) 
p = (P(QnyPj) 
n’J PCpj9 pj> 
Orjsn-1 
and using (2.1) 
p = ~(Q,,Pj)-l-lQ~‘(c)P,‘r’(C) 
4’ 
q(Pj9 pj> 
P!“(C) 
= -A-‘Q!‘(C) ’ holds. 
U,Cpj9 pj> 
Then, (2.3) becomes 
n-l P.(x)P!‘)(c) 
(2.5) Q&C) = P,(x)- A-'Q:'(c) C ’ ’ 
j=O P(pjYpj> 
If we derive (2.5) r times with respect to x and evaluating at X=C: 
(2.6) Q;‘(c) = 
hP(“(C) 
A + K{&‘(c, c) 
where Kr’S,)(x, y) denotes the generalized Kernel 
n-1 p!"(x)p!qy) 
(2.7) K;:'/(x, y) = C ’ ’ . 
I=0 Ptpj9 pj> 
Therefore, from (2.5) 
I Q,(x) = PnW - 
P”‘(C) n-1 Pj(X)Pj@‘(C) 
(2.8) 
A + K;~‘(c, C) jzo v7Cpj9 pj> 
= P,(x) - 
P”‘(C) 
2 + Kirl;‘(c c) 
K,‘“:;‘(x, c). 
9 
Considering (2.8) for n --f n + 1 and taking into account 
(2.9) 
K;‘,“(x,c) = Kz;)(x,c) + 
P (x) P”‘(C) 
;(p ; ) 
II, ” 
P,(x) - Q,(x) = 
P@‘(c) 
A + K;,y/(c c) 
K,(o’;)(x, c) 
P,+jW-Qn+,W = 
P:: 1 (cl 
K,!‘;‘(x,c) + 
P (x) P”‘(C) 
A + K,(‘.‘)(c, c) 
;(p “p ) 
n’ n 1 
multiplying the first relation (2.9) by P::,(c) and the second by P:‘(c) in 
order to eliminate K,‘o:;)(x, c) we obtain, after simplification by A + K,(‘.‘)(c, c): 
P”‘(c)Pn+l(x)-p~I~(c)p (xl n n 
= P:‘(c) Q, + 1 (xl - 
A + K,‘“:;‘(c, c) 
,l+K~‘)(c,c) 
P:,! ,(cl Q W 
’ * 
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Using a determinantal form, this relation becomes 
P,(x) Pn+I(X) L 
I I 
Q,,(X) Qn+~(x) 
P”‘(C) P;;,(c) = n-1 n Q:‘(c) Q;: 1 (c) 
where 
(2.10) I, = l+A-‘K:‘)(c,c), rnEN. 
But for M I r, P,(x) = Qm(x) and we can obtain recursively, using 2.10 and 2.6 
the elements of the MOP family Qn(x) in terms of the elements of the MOP 
family P,(x) following a very simple algorithmic scheme: 
Formula (2.10) is more practical than (2.8) from a computational point of view. 
On the other hand, let us consider the Christoffel-Darboux formula for the 
Kernel K,(x,y) (see [3] p. 23, eq. 4.9) 
1 
Kn-l(xYy) = lp(P,_,,P,_,) 
P,(X)P,_,(Y)-P,_,(X)P,(Y) 
X-Y 
By derivation r times with respect to the variable y and evaluating in y = c: 
zp’;‘(x, c) = 
(X-c)-(‘+‘) r r! 
[ 
c - Pj?,(C)(X--F 
qv_,,P,_,) k=O k! 1 
P,(x) 
(X-c)-(r+I) 
- p(P,_,, P,_J i 
i fiP;@(c)(x-Cy P,_,(x). 
k=O k! 1 
By substitution in (2.8), we obtain 
(2.11) (x-c)~+‘Q~(x)=A~+~(x;~)P,(~)+B,(~;~)P,_,(~) 
where 
A,+,(% n) = 
= (X-c)r+l - 
r! P@‘(c) 
yl(P,_, Pnpl> i+K;y/(cc) k=O 
r P?,(c) (X_c)k 
cp 
3 3 k! 
r! 
B,(x; n) = 
P(‘)(c) r PCk)(C) 
p(P _ P,_,) n+K;y/(c,c) = 
c n-(X-C)! 
n 1’ k0 k! 
As a consequence of (2.1 l), we prove: 
PROPOSITION 1. The family (x - c)~+’ Q,( x is quasi-orthogonal of order > 
2r+2 with respect to p. 
PROOF. Using the three term recurrence relation 
(2.12) 
-I 
xP&) =P,+,(x)+P,P,(x)+Y,P,-l(X) nEN (y,rO) 
P,(x) = 1, P,(x) =x-&p 
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and from (2.11) 
n+r+i 
(2.13) (x-c)~+‘Q~(x) = C oy,,j’j(X) 
,=nmrml 
where 
~((x-c)~+'Q~(x),P,_,_,(x)) 
a l&n-r-l = 
wn_r_l~~n_r_l) 
@(Q,(x)J”) @(Q,v QJ 
= (P(Pn_r-l,Pnpr_,) = w-r-l¶Pn-r-l) 
f o 
* 
Formula (2.13) means the quasi-orthogonality of order 2r + 2 for the sequence 
((x - c)~+ ’Q, W, E M (see 191). # 
The coefficients a, j in (2.13) can be found explicitly in terms of (/3,), (7,) and 
V%)). n 
Moreover, from (2.12) we can deduce the following interesting relation by 
derivation k times and evaluating in x = c: 
(2.14) P~~+‘,(c)+&P;~~(c)+~,P~~,(c) =~P;~)(c)+kPljk-l)(c), 
and we will use it below. 
Finally, we can obtain a kind of inversion formula from (2.11). This allows 
us to give the MOP sequence (P,) in terms of (Q,). It will be useful in the 
study of differential properties of (Q,) (section 4). 
Let n+n+l in (2.11): 
(x-cC)~+~Q~+,(X) =Al.+,(x;n+l)P,+,(x)+B,(x;n+l)P,(x). 
Introducing (2.12) in (2.11) 
(x-c)~+‘Q,Jx) = 
= [A,+,(x;n)+y,‘(x-P,)B,(x;n)lP,(x)-y,’B,(x;n)P,+,(x). 
Then 
p,(x) = (=+&+’ ~%+,(x:n+l) 
-Y;lB,(x; n> 
pn+l(x) = i,;‘,’ j Q,,+,(x) 
Qn+,W 1 
Q, (xl 
B,(x; n + 1) 
n Q,@) A,+,(~;~)+Y,‘(x-p,)B,(x;n) 
where 
(2.15) W,(x) = 
A,+,(x;n+l) B,(x; n + 1) 
-Y;‘B,(X; n) A,+,(x; n)+ ?J,‘(x-P&(x; n) . 
PROPOSITION 2. W/‘(C) = 0 for 0~ kl r. 
455 
PROOF. Substracting to the second row the first one multiplied by 
/I +K(““(C c) P(‘)(c) n 9 n A n p:‘(c) 
Ofi = A + K;“-“‘(c, ) Pfj ’ (c) = ln_1 PZj * (c) 
w,(x) = 
A,+,(x;n+l) B,(x; n + 1) 
-0,(x-c)‘+’ A,+l(x;n)+y,‘(x-P,)B,(x;n)-o,B,(x;n+l) . 
If we denote 
(2.16) C,+i(x) =A,+l(x;n)+y,l(x-P,)B,(x;n)-a,B,(x;n+l), 
then 
C,‘“?i(C) = 
= A~k,c; n) + y,‘(c-&)qqc; n) + Yj$Uq~ l)(c; n) - o,B,(k)(C; n + 1) 
for O~klr holds. 
But from (2.11) 
A’k’ (C’ n) zr - r! 
P"'(C) 
r+l 7 
dPn_,,Pn_,) A+Kjy’(c,c) PA!, (c) 
B(k)(C. n) = 
r! P(‘)(c) 
r 7 
(o(P _ P ) A +K+$‘(c c) * PCk)(C) . n 1’ n 1 9 
By substitution in (2.16) and using (2.14) 
CCk’ (c) = 0, r+l Osksr. 
Then, 
and 
W,(x) = (X-c)r+l A,+,(x;n+l)+a,B,(x;n+l) 1 
&I P(')(c) 
=~(x-c)‘+‘[A,+,(x;n+l)+~ 
A 
B,(x; n + 1). 
n-1 p:j 1 (cl 
Proposition 2 follows from this result. # 
PROPOSITION 3. 
(2.17) 
c 
P,(x) = u,(x) Q, + , (xl + v,(x) Q, (4 
P,+,(x) = ~&)Qn+M+ ~WQ,W 
where o,,, rn,, U,,, V, are rational functions with denominators of degree r + 1 
and numerators with degrees r + 1, I r, I r, r+ 1 respectively. 
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As conclusion, (2.8) gives an explicit representation of Qn in terms of all Pj 
with Olj~ n. The algorithmic representation (2.10) involves two consecutive 
terms of the sequence (P,) and (Q,l). Finally, (2.11) generates (Q,) as a quasi- 
orthogonal family with respect to (PJ. In the other hand, (2.17) represents the 
inverse formula of (2.11). 
3. THE RECURRENCE RELATION 
In this section we obtain a recurrence relation for the sequence of orthogonal 
polynomials (QJ. 
PROPOSITION 4. The MOP family (Q,) satisfies a 2r+ 3 term recurrence 
relation 
n+r+l 
(3.1) (x-cC)~+‘Q~(X) = C V,jQj(X)* 
j=n-r-1 
PROOF. We consider the expansion of the polynomial (x-c)~+’ Q,(x) with 
respect to the orthogonal basis Qj(x): 
n+r+1 
(x-c)~+'Q,(x) = C Y,jQj(X) 
I=0 ’ 
where 
(3.2) n,, 
y = @((X-CC)r+l Q,(X)> Qj(XN = @(Qn(X>, (X-CC)r+‘Qj(X)) 
@<Qj, Qj> @(Qj, Qj) 
from the definition of the inner product (2.1). 
But yn, j = 0 if 01j~ n - r- 2 from the orthogonality of the sequence (Q,). 
The result follows immediately. # 
We can find explicitly the coefficients y, j in terms of parameters a, j given in 
(2.13) as follows: from (3.2), if n-r-lrj~n+r 
(3.3) Yn,j = 
@(Q,(X),(X-C)‘+‘Qj(X)) u,(Q,(X),(X-‘C)r’lQj(X)) 
$(QjTQj> = d<Qj,Qj> ’ 
But from (2.13) 
J+‘+1 
<X-C)“‘Qj(X) = C @j, I P/ (X) 
l=j-r-l 
and from (2.8) 
Q,(x) = i Pn,,p,W 
I=0 
Then 
: 
n 
~(Q,(x)t (X-CC)r+l Qj(X)) = C P,,, Glj,, v(P,, P,> = 
l=j-r- 1 
(3.4) 
= aj,,V(P,, P,) - A- “c’ p:‘)(c)aj,,. 
l=Jp- I 
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PROPOSITION 5. 
PROOF. 
( Q(Qj,Qj> = @(Qj,Pj) = a(Qj,Pj)+1-'Q,(')(c)p,(~)(c) 
(3.5) 
i 
= P(pj,pj) + 
[Pqc)12 
/I + I;l’.‘)(c c  
J-1 ’ 
=(o(p,~pj~+~ 
J-1 
using the relation between the Kernels shown in section 2. # 
Proposition 5, (3.3) and (3.4) give now: 
(3.6) 
l=j-r-1 
the representation formula for the coefficients in the recurrence relation (3.1). 
REMARKS. 
1. By iteration in (2.12) it is straightforward that a sequence of manic ortho- 
gonal polynomials with respect to a weight function satisfies a recurrence rela- 
tion of kind (3.1). However, (3.1) is minimal for the family of orthogonal 
polynomials defined by (2.1). But it is well known that (2.12) is minimal for the 
orthogonality with respect to a weight function. 
2. It is very easy to find directly the coefficient Y,,_~~, in (3.1). 
According to (3.2) 
y _ _ = ~(Qn(~)r(x-c)‘+~Qn-r~,(x)) @(Q,,(x), Q&N 
n,n r 1 
@(Q,-r-13 Qn-r-11 = @(Qn_r-,, Qn-r-J 
v(P,,Pn) A, L-2 
- ~ = yn .” yn-r 
= v,(Pn_r-,‘Pn-r-,) An-1 An-r-, 
& h-r-2 
p>o 
1 h-r-l n-1 
which follows from proposition 5. 
4. DIFFERENTIAL PROPERTIES 
In this section, we consider a semiclassical weight function Q in the sense of 
[4], [9]. This means that there exists a pair of polynomials p(x), w(x) such that 
(4.1) i) M(x)e(x)l’ = W%(x) ii) ] X~Q(X) dx < 00 VkeiN. 
R 
The sequence of manic orthogonal polynomials (P,) with respect to Q(X) satis- 
fies a difference-differential relation of type 
?I+(-1 
(4.2) @(X)pA(X) = C &n,jPjCx) 
,=&-I 
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(which is called structure relation in [9], t being the degree of e(x) and s is the 
class) and a second order linear differential equation 
J(x; n)P;+K(x; n)P,:+L(x; n>P, = 0 
where J, K, L are polynomials of degree independent of n. 
From (4.2) and using (2.12) 
(4.3) @(XV+) = ~,(x)P,(x)+~,(x)P,-l(x) 
with D,, E, polynomials of fixed degree. We are interested to study such a type 
of properties for the sequence of manic orthogonal polynomials (Q,) with 
respect to the inner product @ introduced in (2.1). 
PROPOSITION 6. 
P,(x) = a, (xl Q, 0) + b, (xl Q; (xl 
P,_,(x) = c,(~)Q,(x)+d,(x)Q~(x) 
where a,,, b,, c,, d, are rational functions with degrees independent of n. 
PROOF. From (2.11) 
(x-cC)~+‘QJX) =A,+,(x;n)P,(x)+B,(x,n)P,_,(x), 
by derivation 
i 
[(r+l)Qn(X)+(x--C)Q~(x)l(x--C)r= 
(4.4) =A:+l(x;n)P,(x)+B:(x;n)P,~,(x) 
+A,+,(x;n)P~(x)+B,(x;n)P,:_,(x). 
Multiplying by C@(X) and using (4.3) 
(4.5) 
! 
[(r+l)Qn(~)+(x--C)Q~(x)I~(~)(~--C)r= 
=a,+,(x;n)P,(x)+B,(x;n)P,~,(x) 
with 
A,+,(X;n)=A:+,(x;n)~(x)+A,+,(x;n)D,(x)-B,(x;n)y,!,E,_,(x) 
&(x; n) = B;(x; n)@(x) +Ar+i(x; n)&(x) 
+B,(x;n)[y,!,(x-p,-,)E,-,(x)+D,-,(x)1. 
From (2.11) and (4.5) the result follows. # 
From the above proposition we can obtain a second order differential equation. 
In fact 
p;(x) = a,(x) QA (x) + b,(x) Q,” 6) + a;(x) Q, Cd+ bA 0) QX-@ 
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then, using (4.3) 
@W~,(x)Q~(x) + b#W(q,W + b;(x)) - WW,(x) - &Jx)&,(x)lQ:,(x) 
+ [@(x)~~(x) - q&W,(x) - C,CW,Jx)l Q,(x) = 0. 
In the next section we present an example of this method. 
5. AN APPLICATION TO HERMITE POLYNOMIALS 
In this section, we consider the inner product (2.1) for Q(X) = ePxz, r= 1, 
c=o. 
In this case, the recurrence relation for manic Hermite polynomials H,(x) is 
given 
[ 
xH,_,(x) = H,(x) + 
n-l 
-H,_,(x) nr2 
(5.1) 2 
pfo(x)=l H,(x)=x 
and from its explicit formula 
(-1Y (2m)! 
1 
ff2mm = 7 22” H&(O) = 0 
H 2m+l@) = 0 f&n+,(O) = (-lY 
(2m+l)! 1 
m! 22m * 
Then (2.11) becomes 
x2%(x) =Adx;n)H,(x)+B,(x;n)H,_,(x) 
where 
1 
A,(x; n) = x2 - ~ 
H; (0) 
IlHnJ2 n+K,cl-:)(o o) 3 [ 
H,‘-,(O) 
H,_,(O) +-----x 
l! 1 
1 H;(O) 
B1(x;n)= /lH,_r112 A+&(‘_;)(O,O) 
H; (0) 
Hn(“)+Tx 
I 
and 
If n is even (n = 2m), then 
Q2,nW = ffz,n(x) 
If n is odd (n = 2m + l), then 
1 
A,(x; 2m + 1) = x2 - ~ %m+l(O) 
llff2ml12 ~ + 4m(2m + 1) H:,,,(O) 
W~m(O)1 
3 11J%t7112 
1 
B,(x; 2m + 1) = ~ K?+,(O) 
IIH2,,l12 ~ + 4mGm + 1) H&#9 
W;,+,(O)lx 
3 
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IIH2ml12 
and, as a consequence, 
(5.2) X2Q2m+*(~)=(X2--2m)~2m+,(X)+X~2m~;,+l(x) 
where 
(2m + lW22,(0) 1 
(72m = 4m(2m+l) = 
1 w2rA2+ 3 ff;&9 1 22m (m!)2fi+F (2m + l)! 
and a2m +O if m-+cD. 
Using the manic Laguerre polynomials L:(x) 
Then 
(5.3) 
but 
H 2m + ,(xl = xLy2(x2) 
H2,,,(x) = L;“2(x2). 
xQZm + ,(x) = (x2 - a2,)Lz2(x2) + (2m + l)a2,L,“2(x2) 
Q zm + 1(x) = X&(X2) 
and we can obtain 
xR,(x) = (x- a2JLg2(x) + (2m + l)a2,L;1’2(x). 
On the other hand, taking into account from the differential equation for 
Li3j2 1 
-Z,z2(x) + (2m + l)&*“(x) = 2mxLz1 ,(x), 
we get 
R,(x) = Lz2(x) + 2ma2, Lz!, (x) 
and we can deduce the following result: 
PROPOSITION 7. The MOP sequence (Q,) 
(2.1) with e(x) = epx2 (r = 1, c = 0) verify 
associated to the inner product 
(5.4) 
Q2Jx) = Hz,(x) = L;1’2(x2) 
Q2n+lW = H2n+l(~)+2na2,H,(~‘-,(x) 
where Hz’(x) denotes the generalized Hermite polynomial (see [3], page 157). 
REMARK. We can represent he sequence (Q,) as follows: 
(5.5) Q,(x) = H,(x) + a,H;!?,(x) nzl 
where 
a2m = 0 ~2*+1 = 2ma2nI metN 
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with the above notation, 
i 
x2Q,Ax) = (x2-~)~~,x,+~~x~~_,(x)=~~+2~x) 
(5.6) 
+ [an+n+f]kMx~+; (a,+3z_2(x) n22. 
This means that in (2.13) 
1 
a,.+2 = 1, a n, n = a,+n+-, 2 
n(n-1+2a,) 
a n,n-2 = 4 ’ 
a n,ntl = a,.-1 = 0. 
Then, for the recurrence relation (3.1) 
x2QM = Qnt2(x)+Yn,n+l Qn+l(x)+~n,nQn(x)+~n,n-1Qn-1(~) 
+ Yn,n-2 Qn-2(x). 
where from (3.6) 
&I 1 
Y n,n+l = - ~ 
A ntl IIfLl12 i 
ant,,n l/HJ2- ‘-T(O) ff~_l(0)a,+l,,_J = 0. 
n-1 
and in a similar way 
r Y&n-1 = 0 
I 
A n-l A-’ 43w;_,(o) 
(5.7) yn,n = ran,n -L, l~H,~~2 a&.-2 
n(n-1) A, A,_, 
Yn,n-2 = 
~-- 
4 A,_, 4-2’ 
Then, we can deduce 
PROPOSITION 8. The MOP sequence (Q,) satisfies a five term recurrence 
relation 
x2Q,W = Q,+2(x)+~n,nQn(x)+~n,n-2Qn-2(~) 
with nr2 
Qo(x) = 1, Q1(x)=Hl(x), Q2@) = f4(x), Q&I = ff,(x)+2a,x 
and Y,,,,,, Y,,~-~ given by (5.7). 
Moreover, following [3] page 157, formula 2.48, a Rodrigues type formula 
for the sequence (Q,) can be given: 
Qn(x) = 2~” (-l)“~xz~(~-~2)+4a~x-2e”z~(xne-~2~~~2(x)) 1 
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+4a x-282 
d”-2 
n - (x” 
dx”-2 
&K3(x)) 
I 
where 
K(‘)(x) = (-lY 
2m (M+~)?P,W~+~;X~) 
K,(:+,(x) = & xlF@I+1,m+3;X2). 
Concerning the differential equation which verifies the sequence (Q,) we can 
proceed as follows: from (5.5), if 6, = cx,/(n - I), n> 1, d, = 0 
(5.8) x2Q,,@) = (x2 - B,)H,(x) + &,xH;(x). 
By derivation: 
i.e. 
x2Q;(x) + 2xQ,(x) = x2H;(x) + d,xH;(x) +2x&(x) 
(5.9) 
!I 
xQ;(x) + 2Q,(x) = xH;(x) + d,&,‘(x) +2&(x) 
= (1+26,)xH~(x)+2(1_n~,)H,(x). 
Therefore 
x2 QnW 4l 
K,(x) = 
xQ;(x> + 2Q,(x) 1 + 26, 
X2-en % 
2(1-n&) 1+2& 
X2-& X2 Qn (~1 
xH;(x) = 
W-n&J ~Q;(x)+~Q,(x) 
X2-& G 
2(1-nd,) 1+2&, 
or more explicitly, if d2(x) = (1 +2&.,)x2 + (2n - 2)6,2 - 3&, 
(5.10) H,(x) = -& [((1+2&,)~~-2d,)Q,(x)-xd,Q:,(x)l 
(5.11) xH;(x) = -& K2n6,x2 - 2&)Q,(x) + (x2 - &JxQ;(x)l 
2 
But from (5.10) 
H;(x) = 
+b(x) 
-!- [2(l+2ti,)xQ,(x)+((1+2a1,)x2-3d,)Q;(x)-x~,Q;(x)]. 
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By comparison with (5.11) and after some some tedious calculations, we obtain 
the differential equation of second order which verifies the sequence (QJ: 
x*~I,(x)Q:(x)+ [2(1-x*)~l,(x)-xxd;(x)]xQ;(x) 
+ [2nx4 + 2&,[(n - 2)(2n - l)&, - 5n +21x* - 2&,((2n - 2)& - 3)] Qn(x) = 0. 
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